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The pulsed ultrasonic Doppler velocimeter has been used extensively in transeutaneous
measurement of the velocity of blood in the human body. It would be useful to evaluate
turbulent flow with this device in both medical and non-medical applications. However,
the complex behaviour and limitations of the pulsed Doppler velocimeter when applied
to random flow have not yet been fully investigated.

In this study a three-dimensional stochastic model of the pulsed ultrasonic Doppler
velocimeter for the case of a highly focused and damped transducer and isotropic
turbulence is presented. The analysis predicts the correlation and spectral functions
of the Doppler signal and the detected velocity signal. The analysis addresses specific-
ally the considerations and limitations of measuring turbulent intensities and one-
dimensional velocity spectra.

Results show that the turbulent intensity can be deduced from the broadening of
the spectrum of the Doppler signal and a mathematical description of the effective
sample-volume directivity.

Inthe measurement of one-dimensional velocity spectra at least two major complica-
cations are identified and quantified. First, the presence of a time-varying, broad-band
random process (the Doppler ambiguity process) obscures the spectrum of the random
velocity. This phenomenon is similar to that occurring in laser anemometry, but the
ratio of the level of the ambiguity spectrum to the largest detected velocity spectral
component can be typically two to three orders of magnitude greater for ultrasonic
technique owing to the much greater wavelength.

Secondly, the spatial averaging of the velocity field in the sample volume causes
attenuation in the measured velocity spectrum. For the ultrasonic velocimeter, this
effect is very significant.

The influence of the Doppler ambiguity process can be reduced by the use of two
sample volumes on the same acoustic beam. The signals from the two sample volumes
are cross-correlated, removing the Doppler ambiguity process, while retaining the
random velocity. The effects of this technique on the detected velocity spectrum are
quantified explicitly in the analysis for the case of a three-dimensional Gaussian-
shaped sample-volume directivity.

1 Also at Center for Bioengineering, University of Washington, Seattle.
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1. Introduction
1.1. Preliminary remarks

Pulsed ultrasonic Doppler velocimetry combines the transmission of bursts of high-
frequency sound with the gated reception of the scattered acoustic energy to measure
velocity at a specific point in a flowing liquid. The potential exists for the use of this
device in circumstances where it is impracticable to invade the flow field or where
ultrasound offers advantages over the use of thermal or laser anemometry. Liquids
containing particulates, sediments or gas bubbles complicate the use of hot-film
probes but may provide ideal conditions for acoustic measurements. For example, in
employing thermal anemometry to measure turbulence in the ocean a major problem
is physical protection and cleaning of the sensing element. These problems would
be virtually non-existent for an ultrasonic velocimeter.

The primary aim of this study is to evaluate the conditions under which velocity
correlations or velocity spectra may be measured with ultrasonic Doppler velocimetry.
Towards this end, an analytical model of this instrument for homogeneous turbulence
in steady flow has been developed, and the limitations in measurement accuracy and
resolution are explored.

The Doppler ambiguity process, similar to but generally more restricting than that
of laser instruments, poses a major limitation to ultrasonic velocimetry. A dual-
measurement technique for reducing the effective Doppler ambiguity, which takes
advantage of the pulsed nature of this instrument, is proposed and its efficiency
examined.

In addition, an extensive laboratory experimental programme was undertaken to
examine the validity of all major model implications and to evaluate the Doppler
ambiguity reduction technique. The results of the experimental investigation are
presented in part 2 of this study (Garbini, Forster & Jorgensen 1982).

1.2. Pulsed ultrasonic Doppler flowmeter principles

The pulsed ultrasonic Doppler velocimeter (PUDV) to be considered in this study is
of a type commonly used for medical diagnosis. It employs a single piezoelectrical
crystal transducer for both transmitting and receiving acoustic signals. The transducer
is focused to a narrow beam at a distance of 2 to 10 ecm. The transmitted signal is
composed of bursts of a high-frequency sinusoid which are regularly repeated at a
much lower frequency. Typical values of the master oscillator frequencies are 1-
10 MHz and those of the pulse repetition frequency (PRF) are 5-30 kHz. Between
transmitted bursts the receiver is activated to detect echoes from particles in the flow.
This signal contains the superposition of echoes from the particles within the ultra-
sonic beam. Since the particles are moving, each scattered echo is Doppler-shifted
in frequency.

The received signal is mixed with (multiplied by, in this context) a continuous sinu-
soid with frequency equal to that of the master oscillator. High-frequency components
are filtered from the resulting waveform, leading only components of frequency equal
to the difference between the master oscillator frequency and that of the received
signal, i.e. the Doppler frequency.

The output of the mixer is continuously sampled at the PRF but at times delayed
by 7 with respect to the transmission of the bursts. The echoes sampled at these
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Ficure 1. Operation of the pulsed ultrasonic Doppler velocimeter.

distances can only have originated in regions in space that are located at multiples
of Lrc. Further, the axial dimension of these regions must correspond to the equivalent
spatial length of a transmitted burst. Normally, proper experimental design and atten-
uation in the acoustic medium ensure that only echoes from the nearest of these regions
will contribute significantly to the result. This region in space is commonly called the
sample volume. It is described by a spatial weighting function characterized in the
lateral beam direction by the sound field, and in the axial direction by the shape of the
transmitted burst.

The sampled signal is then filtered to produce an analog waveform called the Doppler
signal. Ideally, the frequency of the Doppler signal is proportional to the velocity of
the particles within the sample volume. This is described by the formula

fd=2ngcosﬁ, (1.1)

where f, is the Doppler signal frequency, f, is the master oscillator frequency, ¢ is the
speed of sound, V is the speed of the particles, and 6 is the angle between the ultrasonic
beam and the direction of motion (the Doppler angle).

The Doppler signal frequency can be measured in a manner similar to FM demodu-
lation to obtain a direct measure of the velocity. However, the resulting output con-
tains additional components that are not related directly to velocity. Therefore this
quantity is referred to as the detected velocity signal.

For both laminar and turbulent flow, the output of the pulsed ultrasonic Doppler
velocimeter may be considered in terms of the power spectra of the Doppler and
detected velocity signals. In a highly idealized sense these cases are depicted in the top
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four graphs of figure 1. Significant to this discussion is that the spectrum of the detected
velocity signal is associated (§2.3) with the one-dimensional energy spectrum of tur-
bulent flow. Also, the width of the Doppler signal spectrum is related to the turbulence
intensity (§ 2.2).

The description, so far, of the ultrasonic velocimeter has been highly simplified.
Effects associated with the site and shape of the sample volume and with the detection
process contribute to deviations from these concepts. For instance, in the relatively
simple case of laminar flow the random transit of particles through the finite sample
volume will cause the Doppler signal spectrum to broaden. This causes a broad-band
noise process to be introduced into the Doppler velocity spectrum.

For turbulent flow, this same phenomenon increases the width of the Doppler spec-
trum beyond that associated with the turbulence intensity. In turn, the one-dimen-
sional energy spectrum estimate is contaminated by the superposition of the broad-
band noise process.

This ‘transit-time’ effect, which is illustrated in the bottom four graphs of figure 1,
will be analysed in detail, along with other characteristics of the ultrasonic velocimeter,
in §2.

2. Analysis
2.1. The Doppler signal

Although stochastic models for ultrasonic Doppler velocimeters are described in the
literature (Brody & Meindl 1974; Flax, Webster & Stuart 1971; Newhouse 1973),
they apply primarily to situations in which the flow is steady and laminar. Very little
consideration has yet been given to the characteristics of the devices in either non-
steady or turbulent flows. Further, the existing models do not apply precisely to the
type of instrument described here.

The following analysis of the pulsed ultrasonic Doppler velocimeter is intended to
apply to the high-resolution system described in § 1. It is assumed that the device
uses a single-crystal transducer, coherent demodulation, and sample-and-hold gating.
While major considerations, assumptions and results are presented here, a more de-
tailed derivation may be found in the literature (Garbini 1978).

Consider the situation of a single particle within the range of the transducer satisfy-
ing the following assumptions.

(i) The particle diameter is small with respect to the wavelength, A, of the trans-
mitted acoustic carrier.

(ii) Acoustic scattering from the particle has random amplitude and phase.

(iif) The component of the particle velocity in the direction of the transducer is
much smaller than the speed of sound in the fluid medium. Also, the average value of
this component is much greater than the velocity fluctuations.

(iv) The effective ultrasonic beam length is shorter than the unambiguous range
(§¢7+p, Where 7, is the pulse-repetition interval). This ensures that only information
from a single spatial sample volume nearest to the transducer is processed.

(v) The sampling region is sufficiently small and distant from the transducer that
the distance from a particle in the same volume to any point on the transducer is
constant. This is approximately true for particles in the far field of acoustically
focused transducers.



Measurement of fluid turbulence. Part 1 449

Ficure 2. The co-ordinate system.

(vi) The transmitted signal consists of a high-frequency carrier modulated by a
periodically repeated envelope function that varies slowly in comparison with the
carrier. That is

+o
2y(t) = const. x X F(t—n7pp) cos wy(t — nryp), (2.1)

n=-—co
where F is the envelope function describing the pulse shape, and w, is the radian
frequency of the carrier.

Under these conditions the sampled output of the mixer is

+
xs(t) = const. x [ Y M(t—mnry -—Tr)] aH(r)cos(k.r+7), (2.2)
n=—o

where 7, is the range delay interval, r is the position vector of the particle, ¢ is the
delta function, a is the random scattering amplitude, y is the random scattering phase,
and k is the sum of the transmitted and received wave vectors. The distance to the
sample volume is }r,c.

For the case of a single-crystal transducer, k points straight out from the transducer
and has magnitude 2wy/c. H(r) is the effective sample-volume directivity function.
It is proportional to the product of the combined transmitting and receiving direc-
tivities, and the shifted envelope function, F(t —r.k/w,); see figure 2.

In this development the absolute magnitude of the back-scattered amplitude is
not of direct importance. Therefore, here, and throughout the remainder of this
discussion H(r) is normalized such that

H(r)dr = 1, (2.3)
space

and a constant factor will be carried along, as in (2.2). The position of the particle
may be expressed in terms of its initial position, r® plus the integral of its velocity.
That is

[
r(t) = r'+ f U@L (2.4)

In general, the sample volume will contain many particles. In the following analysis
it will be seen that the effective velocity observed by the flowmeter corresponds to
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the average of the individual velocities, weighted by the sample-volume directivity
function

=

1
@) = v, H(ri)Ui, (2.5)
where NV is the number of particles. The brackets { ) denote the spatial weighted
average.
In the obvious fashion, the effective displacement may be defined as

®o-[ @@ (2.6)

Finally, for each particle the Lagrangian deviation from this average position is

f [U(E) — Cuy ()1 dE. (2.7)

The position of the particle may be expressed as
r=r%+{r)+Ar. (2.8)

By casting the problem into this form it is possible to use a method of analysis very
similar to those described in the literature for the laser—Doppler anemometer (Durrani
& Greated 1973; George & Lumley 1973) and for atmospheric radar observation
(Rogers & Tripp 1964; Srivastava & Atlas 1974),

It is assumed that the scattering is first-order. That is, any portion of the radiation
initially scattered from a particle that isrescattered by another is considered negligible,
The total received signal is then the superposition of the contributions from the indi-
vidual scatterers. From (2.2), the sampled output of the mixer is

x4(f) = const. x [ +2w 8(tﬁn~rrp—7-r)][§ a; H(r?+{r) +Ar,)
i=1

n= oo

or X COS [k.(r2+<r>+Ari)+yi]] (2.9)

xs(f) = const. x [ jzw B(t—nTrp)}[Az(t)+B2(t)]% cos(k.{r)+ @), (2.10)
where
Aft) = g a; H(r$+{r) +Ar;)cos (k. r?+ k. Ar; +v,),

N
B(t)=— 3 a,H(r}+{r)+Ar,)sin (k. r?+ k. Ar; +v,), (2.11)
i=1

® = arctan [B(t)/4(¢)]. (2.12)

The particle positions are assumed to be random and independent. The quantities
x(t), A(¢) and B(¢) are sums of large numbers of independent, identically distributed
random variables, and are therefore approximately Gaussian random processes. The
population of the sample volume is typically of the order of 108.

By a process similar to FM detection the time derivative of the argument of the
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cosine factor in (2.10) can be evaluated. The result is the quantity that has already
been referred to as the detected velocity signal, and is seen to be

wq _—[k (ry+ O(t)] = C“(u1>(t)+d>(t). (2.13)

The first term, as expected, is the Doppler shift caused by the spatial weighted average
of the instantaneous particle velocities within the sample volume. Except for the
spatial average, it is identical with the highly idealized expression in (1.1). For a
small sample volume, the appropriately scaled power spectrum of this term gives
an estimate of the energy spectrum of the flow velocities.

The quantity wq also contains a second term: d(t). Since d(t) is a function of A (t)
and B(?), it is a random process. Unfortunately, this partially obscures the detection
of the first term that contains the desired quantity: (u,). Clearly, it is important to
determine the extent to which this quantity distorts the desired estimate. The nature
of ®(t) is addressed in §2.3.

2.2, The Doppler-signal power spectrum

The spectrum of the Doppler signal is most easily derived by first determining the
autocorrelation function and then computing the Fourier transform. Using (2.9), the
autocorrelation of the sampled output of the mixer ig

Ry(t,t+ 1) = E{xs(t) 25(t+7)} = const. x +2w Ot —nty)
p

n=—o

xE[ ¥ a, H(rI+{r) (¢)+ Ar,(t)) cos (k. ({r) (t)+Ari(t))+'yi)] (2.14)

[ Y a;H(r +(r> +7)+Ar;(t+ 7)) cos (kK. ({r) () + Ar; (t+1))+'y,)]

where the expected value must be taken over the five random quantities, a;, y;, r,
{r)(t) and Ar,(?).

In evaluating this expression the following assumptions are made.

(i) The particles are independent. That is, the position of one particle does not
influence the position of others. This is only precisely true at low volumetric concen-
trations.

(il) The particles follow faithfully the motion of the fluid in which they are sus-
pended.

(iif)y The representative length of the sample volume is large when compared with
the wavelength of the transmitted sound.

(iv) The relative motion of the particle, {r)+ Ar;, is independent of the initial
position r?, of the particle. .

(v) The scattering amplitude and phase have non-zero, time-invariant mean-
squared values.

(vi) The mean velocity gradient within the sample volume is zero. In this instance
this should be interpreted to mean that the mean velocity differences within the
sample volume are small.

(vii) The probability of finding a particle within a small volume Av is constant
throughout the medium.
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A detailed evaluation of (2.14), given these restrictions, is derived by Garbini (1978).
The result may be expressed as

+w
Rg{7) = const. x [ > é‘(T——nrm)]f cosk,z, Q(z)E,(z, ) dz, (2.15)
space

n=—w
where
+

Q) = H(E) H(E+E)dg (2.16)

—

is the spatial (three-dimensional) autocorrelation of the sample-volume directivity
function. Also

z = [(r) (t+7) =) ()] + [Ar(t+7) - Ar(?)], (2.17)

and F,(z,7) is the probability-density funetion of z.

The variable z is the distance that a particle moved during the time 7. The proba-
bility-density function of z has been described by Batchelor (1949) for turbulent
motion assumed to be homogeneous and approximately statistically steady in time
as a Gaussian function of the form

1 N —
I)zlzzzs(zl’ 29, %35 T) = mexp [ it %(Z2 d (ul) T) K;]l(z] — (uJ) T)], (2 18)

where <{u;) is the temporal average of the spatial average of the velocities within the
sample volume in the ¢-direction (the mean velocity in the ith direction for uniform
flow). The overbar is used to denote a temporal average.

Koy = Bz —<upp 1) (2;—(ugp7)] (2.19)
is the covariance matrix.

Aside from the summation of delta functions in (2.15), which is the result of the
sampling nature of the pulsed ultrasonic velocimeter, this formulation of the auto-
correlation function is similar to that deseribed by Edwards & Angus (1971) for the
laser-Doppler velocimeter.

In general, the complexity of Fy(z,7) and @(z) make (2.15) difficult to evaluate.
However, for certain cases, useful, closed-form calculations are possible. Consider the
case of isotropic turbulence. Here off-diagonal terms in the covariance matrix K,
are zero. The mean-square values of each of the three diagonal components of Kz@.
may be expressed as (Batchelor 1949)

Ble=Gy 7)) =5 (r— €) Ruf@) a5 (2.20)

where (u2)t is the turbulence intensity and Ry (r) is the Lagrangian time-correlation

function. This expression for E[z—{uy7)?] may be simplified greatly if 7 is much
smaller than the Lagrangian integral time scale 7;,. For this condition B (r) ~ 1, and
therefore

E[(z—{u)y7)?] ~ u'?r2, (2.21)

The autocorrelation function described in (2.15) consists of a decaying sinusoid
with its maximum value at 7 = 0. The length of time ¢* for which the autocorrelation
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function is significantly non-zero, may be determined by examining the individual
functions within the integral.

First, consider a small sample volume in which the dimension in the direction of
the mean flow is small with respect to the Lagrangian integral length scale

A =7 (u), (2.22)

The time required for a particle to traverse the sample volume will correspond to the
maximum correlation ¢*. For a sample volume of width [,

t* =1, [{wy. (2.23)

The maximum significant correlation time t* may be compared with the Lagrangian
integral time scale 7:

i l_t(u'z)*
T, A ) )

(2.24)

By hypothesis, both of the factors on the right-hand side are small. Therefore, the
‘small-time’ approximation of (2.21) is valid.

Next, consider a very large sample volume. For purposes of illustration, and with
little loss in generality, assume that Q(z,, 25, z;) may be written (in scalar form) as

Q21 22, 25) = Q1(21) @a(22) @s(23).- (2.25)

Then the autocorrelation expression (2.15) may be factored into three terms, each
corresponding to a co-ordinate direction. Consider the term associated with the direc-
tion of the ultrasonic beam,

f T cos ky 2, Qy(2y) B, (21, 7) d2y. (2.26)
If the length of the sample volume is very long in this direction then @,(z,) = 1. In
practice this might be attained by using a long burst duration. As 7 increases, the
width of the probability-density function becomes large in comparison with the
period of the sinusoidal component. The integral will therefore be very small. That is,
the autocorrelation will be significant for times smaller than t* such that

- 27\ 2

Bele) Ty ) = () = 4 (2.27)
1

In words, t* is approximately the time required for a particle to drift one wavelength

relative to the mean flow. From (2.27), (2.21) and (2.22), this time ¢* is compared with

the Lagrangian integral time scale as follows:

t* A @hHt A
_——= = -, 2.28
T, 2wt A 2A (2.28)

Therefore, for both small and large sample volumes and for flow conditions and wave-
lengths which satisfy the above conditions, the longest time that need be considered

in the autocorrelation function is much smaller than the Lagrangian integral time
scale.
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Throughout the remainder of this discussion it will be assumed that t*/7; < 1,
according to (2.24) or (2.28), and therefore the small-time approximation of (2.21)
is valid.

The effective directivity of the sample volume of the pulsed ultrasonic Doppler
velocimeter is a complicated function of the pulse shape, the transducer damping
characteristics, the shape of the focused beam, the receiver and subsequent detection
circuits. In general, this function is three-dimensional and continuous, with maximum
value at the centre and decreasing nearly monotonically towards the edges. Several
approximations for the directivity function can be found in the literature (Newhouse
1973; Jorgensen & Garbini 1974), but the assumption of a Gaussian-shaped directivity
function has particular mathematical and heuristic advantages in this case. That is,

gl A ] e

where o}, 0,, o, represent the widths of the sample volume along the major axes. It
will be seen later that such an assumption compares favourably with measurements
of the distribution function of highly focused transducers. It follows that the three-
dimensional autocorrelation function of (2.16) may be expressed as

arprom) = e =3[ (2 (2) ()] e

The autocorrelation function for the laser~Doppler anemometer, for one dimension,
having a Gaussian-shaped sample volume, may be found in the literature (George &
Lumley 1973). On applying (2.15) for the pulsed ultrasonic Doppler velocimeter this
result may be extended in a straightforward fashion to three dimensions. The auto-
correlation function is seen to be

Rg(r) = const. x [ = S(t""Trp)MIsI (1 +q;_;.;2)]—&

n=-—ow i=1 i
X ex {—l[i @2_7;: 2]}ex { ll:k—zu—ll_zrzz]}
P171 ‘"la§(1+“2"0;) P72 1+%
k@l—)-T
X €08 [1 +ng-;2], (2.31)

For the small-sample-volume case, from (2.23) and (2.24),

72 < —_, (2.32)
{up)?
and (u}2)}/{u,) is small by assumption, therefore
1 22 (U272 22
uPr® 1w )12y <1 (2.33)

208 2 0% (gt

Also, for the case of a large sample volume, from (2.28),

< (k(%*)z B ((7/'\5)*)2 .




Measurement of fluid turbulence. Part 1 455

and, since A/o, is small by assumption, therefore

2.9 gz 2
(5 () < v (2.35)

207 2\ a2 )\&?

Therefore the expression for the autocorrelation may be rewritten in considerably
simpler form as

Rs(T) = const. % [ +Zw 8(7—n7rp)] exp{__ [%A—u—;_z-,rzkg

n=-—w

+ 372 (G;? + Zu_2)2+ @2)“ exp— [l—‘—:z(—u—;zz—zg} cos k{uyyr, (2.36)

2
o3 ot

where (u,)'? is the variance of the spatially averaged velocity fluctuations in the e,-
direction and Awu,? is the variance of the deviation of the velocities within the sample
volume from the spatially averaged velocity. It may be shown that

Au = w2 — (). (2.37)

The power spectrum of the sampled output of the mixer is obtained by taking the
Fourier transform of the autocorrelation (2.36). Applying the Fourier convalution
theorem, we have

—  2mmn)\? —  27mn\?
) e (e-rm-) (erim -2
Ss(w) = const. x Y} [exp Trp texp T/ | (2.38)

e 2Aw2 2Awk
where
— 1 (Ut (Ut (ug)? —
2 __ 1.2 24 1 2. 3 2 o
Awd = k*Au; +2( P + = + p + k2{u, )2 (2.39)

Finally, the Doppler signal is produced by applying the sampled output of the mixer
to a ‘hold’ circuit where the value of each sample is sustained continuously until the
next sample. The result is low-pass filtered to remove high-frequency harmonics of
the ‘hold’ pulses. The Doppler spectrum is
in (1 2
Ser(w) = Sefw) [Tm i’ﬂ(ﬂl”] |F()], (2.40)
2WTyp

where | F(w)|? is the square of the magnitude of the low-pass filter function.

If the filter is considered to be ideal, and of such width that only the first term in the
summation in (2.38) is retained, then the spectrum becomes

 — kdu, Y2 o+ k{u )2 sin wr,, 12
| 2A<w§1>) rexp ! 2A§u§1>)][7“’ o rp]' #40

g(l)‘l'rp
Also, if the pulse-repetition frequency is much higher than the highest significant
frequency component in the first factor in (2.41), then

__k—— 2 k_ 2

Sgg(w) = const. x [exp——

(2.42)

where the result has been normalized with respect to the total power. From this expres-
sion and that of (2.39), it is seen that the Doppler-signal spectrum is centred at the
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frequency corresponding to the spatial-average velocity in the beam direction and is
approximately Gaussian in shape. The width of the spectrum, Aw, in (2.39), may be
related to the standard deviation of the turbulent-velocity fluctuations and to the
time required for a particle to traverse the sample volume in the direction of the
mean flow (transit-time effect). In general, other effects can also be sources of broaden-
ing in the Doppler-signal spectrum. These may include: (i) gradients in mean velocity
within the sample volume; (ii) geometric effects resulting from large sample volumes
in the near field of unfocused transducers (Newhouse, Varner & Bendick 1977); (iii)
deviation from idealized signal processing; or (iv) anisotropic or non-stationary tur-
bulence effects. For the situations considered here these factors are small and will be
neglected.

The intensity of the turbulence velocity fluctuations is defined as the ratio of r.m.s.
velocity fluctuations to the local mean velocity. Equations (2.2), (2.37), (2.39) and
(2.42) indicate that the turbulence intensity may be evaluated from measurements of
the mean and width of the Doppler-signal spectrum according to

2 %
intensity = [(A_gc) coszﬁ—ocz] , (2.43)

where Aw. and @ are respectively the width and mean of the Doppler-signal spectrum,
and « is a parameter descriptive of the velocimeter:

A

&= 42 7m0y’

(2.44)
where oy is the width of the sample volume in the direction of the mean flow, A is the
wavelength of the acoustic carrier and 6 is the Doppler angle. An interesting situation
arises when the sample volume can be made sufficiently large with respect to the
wavelength such that the second term in (2.43) is very small. In that case, Aw./@ may
be interpreted directly as a measure of the turbulence intensity without any knowledge
of the velocimeter parameters o, and A. For the usual ranges of permissible wave-
lengths and intensities, this condition could only exist for very large sample volumes.

2.3. The Doppler-ambiguity power spectrum

An estimate of the one-dimensional energy spectrum for the direction parallel to the
ultrasonic beam may be obtained by computing the power spectrum of the detected
velocity signal. From (2.13), this signal is equal to

wa = %[(k A+ O(t)]. (2.45)

The first term is the instantaneous spatial average of the velocity components in
the direction of the ultrasonic beam, as in (2.5). The second term is an unwanted
artifact arising from the measurement process. In the analysis of both radar systems
and laser—Doppler velocimeters the quantity analogous to this term is referred to as
the Doppler ambiguity. The contribution of this quantity to the Doppler velocity
signal is very important to the measurement of the one-dimensional spectrum.

Since it may be shown that {r) and ® are independent, the spectral process of the
sum of the two terms in (2.45) is equal to the sum of the spectral processes. That is,

Swd(w) = S(zq)(w) +S(‘b(w)' (246)
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The relationship between the spectrum of the spatial average of the velocity,
S(4y(@) and the true one-dimensional spectrum is discussed in §2.4.

Determination of the spectrum of the Doppler-ambiguity term Sg(w), where ® is
described in (2.12), and 4 () and B(¢) are Gaussian, is a classical problem of FM signal-
detection theory. It was first examined by Rice (1945, 1949) and more generally

formalized by Middleton (1950) and Lawson & Ulenbech (1950). The correlation
function of & is

Ro(r) = B(d(t) d(t+7)] = [‘”L;gi’%)"‘—”] In (1 = g%(r)), (2.47)
where
B (1) _ E[A(t) A(t+7)] _ E[B(@#)B(t+1)]
glr) = Rj(O) ~ E[43] EB (2:49)

In general, the correlation coefficient g(r), and therefore Rg(7), are functions of
the sample-volume specification. From (2.47) and (2.48), as 7 approaches zero, the
value of the autocorrelation becomes logarithmically infinite. This indicates that the
mean-square value of the PUDV velocity signal will be infinite. Of course, in practice
the bandwidth of wq is limited so that the actual signal has finite power. However,
this does demonstrate that attempting to equate the r.m.s. value of the detected
velocity signal to the r.m.s. value of the actual velocity fluctuations is likely to result
in substantial errors.

An expression for the autocorrelation of A(¢) has been computed in Garbini (1978).
The calculation is similar to that of the correlation function of the Doppler signal,
except that the expectations are taken over ., y,, r}, {r), and Ar,.

For the case of a general sample volume described in terms of @(r,,r,, 7,;) defined by
(2.16), and using (2.11) and (2.48), the correlation coefficient is

+ o + o
g(t) = f coskd,; f_w QR +8) Kr(R,7)dR F(8,7)d8, (2.49)

— 0

where
R=L{r)({+7)—<Lr)(), & =Ar{+7)—Ar(), (2.50)
and Fr(R,7) and P4(8, 7) are the respective probability functions.
Again, it is assumed that (i) the turbulence is homogeneous, and that there are no

mean velocity gradients, and that (ii) the ‘small-time’ approximation for particle
motion is valid. Then

E[R ] =-@-> T, E[g]=0,
B[(R; = Cuy7)) = (wy*r, B8] = (w2 —Cupy®) 72 = Au'tre;
and the probability density functions are of the form

(2.51)

Pp p,n(Ry, By, Ry, 7) exp [— 3R, —{uy7) Kph(R;—{uy7)],  (2.62)

__
(2m)} | K |t

B 5,5,(61,05,85,7) pl- %311{4?1:;3;']- (2.53)

1
= ——————¢Xx
(277)% IKBiin
If, as in §2.2, we examine the specific case of a Gaussian-shaped sample-volume
distribution function of the form given in (2.29), the form of the correlation coefficient
* g(r) = exp[—3A%), (2.54)
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Fieure 3. Power spectrum of the Doppler-ambiguity process.
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The spectrum, corresponding to the Fourier transform of (2.47), when g(r) is of the
form indicated by (2.54), was determined by Rice (1949). Applied to this specific case
it is

(@) = I A 3 nt w? 2.56

Sp(w) =} An§1n exp[—m]. (2.56)
Similar expressions exist for the one-dimensional case of the laser—Doppler velocimeter
(Durrani & Greated 1973; George & Lumley 1973). The function S; is plotted in
figure 3. Notice that the magnitude of the ambiguity spectrum at the origin is directly
proportional to the quantity A. The two terms in A2, from (2.55), can be identified as
the primary causes of ambiguity noise. The first term in A? corresponds to the square
of the inverse of the transit time through the sample volume. A decrease in the transit
time will therefore cause an increase in the level of the ambiguity spectrum.

The second term is associated with the mean-square deviations of individual particle
velocities from the spatial average of the velocity. Therefore an increase in the turbu-
lence itself will contribute to an increase in the ambiguity level.

Figure 4 illustrates the large extent to which the ambiguity spectrum corrupts the
estimate of the one-dimensional energy spectrum. Shown are the one-dimensional
energy spectrum for flow in & pipe (Laufer 1954), and a theoretical prediction of the
same quantity as measured with high-resolution pulsed ultrasonic Doppler velocimeter
under typical conditions (major sample-volume dimension = 1 mm),

The ambiguity level for a typical laser velocimeter is also indicated for purposes of
comparison. For the normalization shown in this figure, the level of the ambiguity
component of the spectrum as k approaches zero is proportional to the square of the
instrument carrier wavelength. The laser device will nearly always have a substantially
lower ambiguity level. The principal reason for this advantage is the lower correspond-
ing value of wavelength obtainable.
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F1oUrE 4. Spectrum of the velocity fluctuations for pipe flow, as measured with
pulsed ultrasonic and the laser velocimeters. U = 54 em/s, D = 2-54 cm.

For the ultrasonic measurement, the large Doppler ambiguity imposes a severe
restriction on the value of the velocity spectral estimate. Traditional parameters of
turbulence, such as intensity, microscale and integral scale, are usually computed
from measurements of the turbulence spectrum or deduced directly from the time
history of the velocity. Unless the magnitude of the Doppler-ambiguity components
can be reduced relative to those associated with velocity fluctuations, calculations of
this type are meaningless. :

From (2.13), (2.46) and (2.56), the value of the velocity components can be raised
in proportion to that of the ambiguity process by increasing the acoustic carrier
frequency. However, such an increase is not always practical. Attenuation of acoustic
energy usually increases rapidly with frequency. Therefore a high-frequency carrier
can limit the useful range of the instrument.

Another method of reducing the ambiguity component S4(w) is to increase the
transit time by increasing the size of the sample volume. This also has limited advant-
ages. Section 2.4 illustrates that the dimensions of the sample volume must not be
made arbitrarily large.

Examples of the effects of the Doppler ambiguity on turbulent measurements are
examined much more intensively in the experimental portion of this study (Garbini
et al. 1982).

2.4, Attenuation of spectra due to finite sample volume

Because the sample volume is of finite size, the measured velocity represents a spatial
average of the velocity weighed by the effective sample volume directivity function
rather than the velocity at a particular point. This causes partial attenuation of even
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large velocity fluctuations and virtual insensitivity to small eddies. Estimates of
turbulence spectra based on these measurements will, therefore, be characterized by
progressively greater attenuation at higher frequencies. This problem has been studied
extensively in the field of meteorological observations using pulsed radar (Rogers &
Tripp 1964; Srivastava & Atlas 1974; Sychra 1972). It is not difficult to show that the
basic results can be applied to the pulsed ultrasonic Doppler velocimeter in a straight-
forward fashion.

Consider the correlation of the velocity signals from two sample volumes, at points
a and f, separated in a field of homogeneous turbulence at a distance (7, 7,,7;). Since
the ultrasonic velocimeter measures only the velocity components in the direction of
the beam (referred to as the 1-direction), denote the correlation of the spatial-averaged
velocities as

(uy), <ul>ﬂ = (Pyy(ry, 72, 73))- (2.57)

Here, the brackets { ) refer to the quantities computed from the spatially averaged
velocities. Then, from (2.5) and (2.57),

+ o
(P71 7a,75)) = jff_ BF1(y1: 72, 73) QY1+ 71, Y2 + 72, Y3+ 73) dy 1 dy,dy,,  (2.58)

where Py, (r(, 75, 73) = (%;), (%) is the correlation function for the true velocities in the
1-direction at points & and f. The function Q(r,,r,,;), originally defined in (2.16), is
the three-dimensional autocorrelation function of the effective sample volume
directivity.

Taking the Fourier transform of (2.58), the (1, 1)-component of the three-dimen-
sional spatially averaged spectrum tensor is

<E11(k1s kzs ks)) = Ell(kb kz’ ka) ZQ(ICIS kz» ka)’ (2-59)

where E,,(k, k,, k) is the (1, 1)-component of the actual three-dimensional spectrum
tensor, and % Q(k,, ks, k5) is the three-dimensional Fourier transform of Q(ry,r,, 5).
The quantities (k,, k,, k5) are the components of the wavenumber vector. In words, the
measured spectrum is equal to the actual spectrum filtered in three dimensions by Q.

The relationship between the three-dimensional and the one-dimensional longitu-
dinal spectra is given by

+o
Ex i) = [ [ Bl o ey b, (2.60)

and the corresponding correlation is related by the Fourier transform,

1 [+ ,
{(Pyy(ry,0,0)> = -2—f (B (k) et*ndk,. (2.61)

- 0

For isotropic turbulence, the relationship between the spatial-average one-dimen-
sional transverse spectrum and corresponding correlation function is given by

+o®
<E’T(k2)> = f_w <E11(k1a kz’ ka)) dkldk:i’ (2-62)

1+
Pul0urs 0y =5 [ ol ety (2.63)

— 0
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FicUre 5. Attenuation of the one-dimensional turbulence spectrum
due to finite sample-volume size.

The mean-square value of the spatially averaged velocity fluctuations, referred to in
previous sections, is

To illustrate the effects of spatial attenuations, it is useful to examine the specific
case of a Gaussian-shaped sample-volume directivity function and isotropie incom-
pressible flow. For these circumstances the vector velocity field is solenoidal (zero
divergence). If the directivity function is defined by (2.29), theory developed for
circular-beam pulsed radar (Sychra 1972) can be adapted to give the measured one-
dimensional longitudinal and transverse spectra

+o +
REATHE R RRCATHEN (2.64

-+ 52_k% v
(Eyll)y = expl-Hotl [ “expl-oyg- GO B@E (268
@© E
Exlhs) = exp[-1od) [ TVIE-IZ D0 (2.66)
where
Y(p) = Zf" exp [ —p?(o? cos? 0+ osin? 0)] [kE + p?sin?60]d0, (2.67)
0

E(k)is the three-dimensional energy-spectrum function, and o, and o, are respectively
the axial and cross-beam dimensions of the sample volume.
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For purposes of demonstration assume that the sample volume is spherical (o, = o)
and that E(k) is of the form described by Pao (1965) for the small-scale structure of
turbulence at very large wave and Reynolds numbers:

E(k) = actk-bexp (—3ave-3kt), a =17, (2.68)

where € is the dissipation per unit mass and v is the kinematic viscosity. Since this
form of E(k) has been used in the literature to explore theoretically the spatial attenua-
tion in atmospheric radar and laser velocimeter systems, it may serve as a useful basis
for comparison.

The unattenuated longitudinal one-dimensional spectrum and the corresponding
spatial-average quantity for various sizes of sample volumes with circular symmetry
are shown in figure 5. As an example consider a sample volume for which o = 0-05 cm,
measuring flow with ¢ = 27cem/s (corresponding to pipe flow, U = 54 cm/s and
D = 2-54) (Berman & Dunning 1973) which results in 7/2%0, = 0-2. It is clear that
the amount of attenuation suffered by the pulsed Doppler velocimeter may be sub-
stantial. Sample-volume size in relation to the geometry of the flow will be a major
consideration in evaluating the accuracy of the spectral estimate.

In the experimental portion of this investigation it isnecessary to predict the amount
of spectral attenuation based on thermal-anemometer measurements of actual one-
dimensional longitudinal spectra. With the previous assumptions of isotropic turbu-
lence and incompressible flow, the vector velocity field is solenoidal (zero divergence).
For that case the three-dimensional energy spectrum E(k) is related to the longitudinal
one-dimensional spectrum by

BE) = 480 7 17 Btk (2.69)

The second derivative makes direct numerical application of (2.69) to measured data
impractical. However, substituting (2.69) into (2.65) and integrating twice by parts
yields a form suitable for numerical evaluation. The expression for the spatial average
longitudinal spectrum becomes

By (k1)) = exp (= o} k}) By, (ky) + 203 exp [ — kY (0} — 03)]
x " exp (- ot (- K- 2/oh) BygdE. (270)
In compressible flow the resulting vector velocity field is solenoidal, and therefore
3d
> -J—-Pu(rl,rg,n,) =0. (2.71)
i=107;

From this expression and the assumption that the field is isotropic, the longitudinal
and transverse spectra are related by

L) -

1
Bully) = 5| By i)~ 1, 22

However, for an arbitrary sample-volume specification the corresponding relation does
not hold for the spectra of the spatial average of the velocity. In fact,

3 d
iglg;j(ﬂi(rl’rZs 73)) =0 (2.73)
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is only true in the case of a spherically symmetric sample volume (o, = o, = 07y).
The correct general expression must be derived directly from (2.66) and (2.69). Again,
on integrating twice by parts, the measured transverse spectrum is

(Balky)) = — hexp (— o3H) {kzj}’c—zwakg)] T By(ky) (K03 + 03— 1]

-2 [ Fre-wh B @, @1
where
F(p) = 2f" e~P[y(yk? — 2 sin®6) + p*y?sin® 6]d0, (2.75)
0
Y = 0% cos? 0+ o§sin20. (2.76)
Although this equation requires two-dimensional integration, when carefully pro-
grammed it is feasible to evaluate it numerically.

It has been suggested (Sychra 1972) that the spatial-average spectrum for pulsed
radar systems might be ‘defiltered’ to correct the attenuation on the basis of known
sample-volume intensity distribution. While this technique has not been extensively
employed in those systems, it may become a practical necessity for evaluation of small-
scale flows with the pulsed ultrasonic Doppler velocimeter.

At this pointitisimportant that a practical aspect of the measurement of turbulence
with the pulsed Doppler velocimeter be discussed. Taylor’s hypothesis states that, if
the velocity fluctuations are small in comparison with the mean velocity, then the
turbulence field may be thought of as being ‘frozen’ as it is moved past an observation
point. The spatial correlation of velocities at two points « and £ aligned with the mean
velocity direction and separated by r will be approximately equivalent to the time
correlation of the velocity at a single point. That is

U (8) Up(t) = %y () Ua(t+7), (2.77)

where 7 = r/u. A typical procedure for evaluating the spatial correlation would be to
compute the temporal autocorrelation of the detected velocity signal and then rely
on Taylor’s hypothesis to relate it to the spatial correlation function.

Correspondingly, the spatial spectrum is expressed in terms of the temporal spec-
trum by

S(w), (2.78)

where U, is the mean velocity, and Taylor’s hypothesis relates the spatial and temporal
frequencies by k, = w/U,. Here, 8(w) is the two-sided (w: [ — 00, + o0]) velocity spectrum
related to the autocorrelation through the Fourier transform. Since the Fourier trans-
form may be defined in several different ways the form used in this analysis is stated
at this point for clarity:

+o 1 [t
S(w) = R(r)e~rdr, R(7)= :"Ef S(w) e dw. (2.79)
In practice, the ultrasonic beam and the direction of the mean velocity are not often
collinear. Tn this case, the spatial correlation implied under Taylor’s hypothesis does
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Ura(D) usa(t+ 1) =y a(f) u, 6 (t)

Uy

F1GURE 6. Measurement of the correlation function with Doppler angle equal to 6.

not ecorrespond to (F;(r1, 0,0)) discussed above. Rather, the autocorrelation of the
detected velocity signal represents the spatial correlation of the velocity components
in the direction of the beam as a function of the spatial separation in the direction of the
mean velocity. This situation is illustrated in figure 6, where 0 is the Doppler angle.
The correlation corresponds to (Py(rcos®,rsin@,0)y. The correlations (P, (r, 0, 0))
and (P, (r cos 8, rsin 6, 0)) are distinct even in isotropic turbulence.

Assuming that F,, is an element of an isotropic tensor, the skewed correlation is
related to the longitudinal and transverse correlations by

1
Bj(rl’ TgyTg) = 72 [Py(7, 0,0) — P,,(0,7,0)] i+ B,(0,7,0) 3{;’- (2.80)

Therefore it is straightforward to show that, for the situation depicted in figure 6, the
measured correlation function corresponds to

(Py(rcosf,rsinf,0)) = (P(r,0,0)) cos? § +{P,;(0,7,0))sin2 6. (2.81)

Similarly, it follows that the spatial-average spectrum, as measured by the pulsed
Doppler velocimeter with Doppler angle equal to #, can be expressed as

(Byplly) = (By(ky)) 0082 0+ (Bp(ky)y sin . (2.82)

Therefore (2.70), (2.74) and (2.82) may be used to predict the first term in (2.46) for
the spectrum of the detected velocity signal from the actual longitudinal one-dimen-
sional energy spectrum.

3. Ambiguity reduction using two sample volumes

As seen in §2.3, the Doppler ambiguity is a major source of error in estimating the
one-dimensional energy spectrum. One possible method of improving the measure-
ment (investigated by George & Lumley (1973) for the laser-Doppler velocimeter) is
to subtract the statistically independent ambiguity spectrum from the measured
spectrum. Although a similar procedure might be applied to the pulsed ultrasonic
Doppler velocimeter, a disadvantage of this method is that it entails an explicit
theoretical prediction of the ambiguity spectrum. This, in turn, requires that the
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flow situation correspond precisely to a case for which theoretical results can be
practically evaluated and that certain flow-related parameters be known a priori.
In addition, the ambiguity components of the measured spectrum must be accurately
estimated. The improvement of the turbulence spectrum measurement cannot be
greater than the combined accuracies of this prediction and the spectral estimate.

A more direct method, not requiring a prediction of the ambiguity, of using the
cross-correlated velocity signals from two laser—Doppler velocimeter sample volumes
has beeninvestigated by Clark (1970) and by van Maanen, van der Molen & Blom (1975).
Use of this procedure with the ultrasonic Doppler velocimeter seems very promising.
A major obstacle in using the two-sample-volume method with the laser-Doppler
velocimeter is the complex alignment of the laser optics to define the two-beam
intersection. Fortunately, in a pulsed Doppler velocimeter, two sample volumes may
be established on a single acoustic beam in a relatively simple manner. The mixer
output is applied to two sampling circuits. Both circuits sample at the pulse
repetition frequency 1/7,,, but differ slightly in phase. The resulting Doppler signals
correspond to measurements from two sample volumes, separated in space (McLeod
1973). The relative positions of the sample volumes are therefore fixed electronically,
and the only alignment necessary is that of the single ultrasonic beam.

The technique can be outlined as follows. Two closely spaced but non-overlapping
sample volumes are placed in the flow at the desired observation point. The detected
velocity signals from each are represented by

Oaat) = )y () + Dult), - waglt) = Kus)p (8) + Dlt), (3.1)
where « and f# denote the locations. Cross-correlating these two time signals yields
Waq(t) Wap(t+7) = k¥ Uy (8) CUrdp (E47) + kCuyd (8) Pp(t +7)

+huyy g (E+7) D, () + Dy (8) Dyt + 7). (3.2)

Asin § 2.3, the spatial-average velocity and the ambiguity processes are uncorrelated.
Therefore the second and third terms of (3.2) are zero. If the two sample volumes
contain different particle populations then the cross-correlation of the two ambiguity
processes will be zero. Also, if the sample volumes are sufficiently close together the
cross-correlation ofthe signals from the two sample volumes approximates the auto-
correlation of the velocity at the observation point. The resulting cross-spectrum will
be an estimate of the one-dimensional energy auto-spectrum, but will not contain the
ambiguity component.

There are, however, several considerations in using this method with the ultrasonic
Doppler velocimeter. First, it may be necessary to overlap the sample volumes partially
to avoid distortion of the velocity spectrum. To the extent of this overlap, the ambi-
guity processes of the two sample volumes are fractionally correlated. Therefore some
ambiguity components will still be present in the spectra. Also, if one sample volume
lies ‘in the shadow’ of the other with respect to the mean flow, a portion of the particle
population travels virtually unchanged from one sample volume to the other (see
figure 7). Again, this will cause a partial correlation of the ambiguity processes.

On the other hand, if the sample volumes are too far apart, the cross-correlation
deviates radically from the desired velocity correlation. The quantity that we seek to
measure is the correlation between a velocity component at two different points
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Ficure 7. The conditions of overlap and shadowing of the sample volumes
in the dual-sample-volume method.

— x

Fiaure 8. Two-point correlation.

separated by a distance r along a line parallel to the mean-flow direction (see figure 6).
When the cross-correlation of the detected velocity is computed for two spatially
separated sample volumes the result, according to Taylor’s hypothesis (see §2.4), is
that shown in figure 8. In other words, the two measured points are not located along
the mean-flow direction. This causes distortion of the correlation function, as shown
at low absolute values of the time shift 7. In turn, this results in added attenuation of
the energy spectrum at high wavenumbers.

For the case of isotropic turbulence, momentarily neglecting the effects of sample-
volume spatial averaging, the cross-correlation of the velocities for separated sample
volumes implied by figure 8 can be determined:

v, sin 6

+g((#? + v2sin2 A)}) sin? [H—arctan ], (3.3)
where f(r) and g(r) are the actual longitudinal and transverse correlation functions,
xis the separation of the sample volumes in the direction of mean flow, 6 is the Doppler
angle, and v, is the distance of separation of the sample volumes along the beam axis.
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The corresponding spectrum is determined from the Fourier transform of this equation
for known functions f(r) and g(r).

In addition, if the sample volumes are placed on a line that is approximately per-
pendicular to the direction of mean velocity, in an attempt to reduce the shadow effect,
the average velocity in the direction of the transducer is nearly zero. This results in
very low Doppler-frequency shifts. For reasons associated with the nature of the
signal-processing circuits, low-frequency components are usually lost.

Optimization of the system configuration with respect to these compromises clearly
requires a knowledge of the extent to which the Doppler ambiguity is reduced as a
function of the sample volume overlap and shadowing. That is, it is necessary to
evaluate the spectrum associated with the autocorrelation in the fourth term of (3.2):

8,4(®) f &, D, (t+ 1) e-ivrdr. (3.4)

This function has been derived by Garbini (1978) under the same assumptions stated
in §2.1. Briefly, the cross-correlation function may be obtained in a manner similar
to the derivation of the autocorrelation made by Rice (1949), which was referred to
in §2.3. This results in

&0, g“‘g;ﬁgmﬂ“ﬁnu—ﬁAﬂx (3.5)

where g,4(¢) is the cross-correlation coefficient of A (¢) evaluated with sample volumes
located at the two positions « and #. That is

_ E[Aa(t) A (t+7)]
Tasl™) = “ELA(0) A, (0]

(3.6)

The functions 4(t) and @ are defined respectively in (2.11) and (2.12).

For the specific case of two sample volumes with Gaussian-shaped sample-volume
directivity functions and centre-to-centre separation of (v, v, ¥;), the cross-correlation
coefficient can be shown to be

7 (Cury + s
9oplT) = exp[ L2 Au? 272+121 ————171—03—— . (3.7)
For the pulsed Doppler velocimeter in which the sample volumes are spaced elec-
tronically along the acoustic beam, v, and v, are zero. Notice that, when v, is also
zero, the result reduces to the expression for the autocorrelation coefticient of A(t)
discussed in § 2.3. From the Fourier transform of (3.5), the cross-spectrum is computed:

. o % dp2p2
— Llpgdy p—ioviu? ~2na0y, —§ - w—_._
8, 4(w) = mtue "Z]Ie n exp( T ), (3.8)

where

X 2 <ul> <u2>2 <u3>2
= KB+ 5L Tt 507 T 20t
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Fioure 9. Effect of sample-volume spacing on ambiguity reduction for
Doppler angle = 60° and overlap ratio = 0, 1, 2, 3, 4.
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Fiaure 10, Effect of the Doppler angle on ambiguity reduction for
Doppler angle = 0°, 20°, 40°, 60°, 80°.

In figure 9 the normalized magnitude of the theoretical cross-spectrum from (3.8)
is plotted. This illustrates the reduction in the ambiguity for the situation in which
two spherically symmetric sample volumes are positioned with normalized separation
v,/ 0, and with fixed angle between the beam and the direction of mean flow equal to
60°. Even for the small separation of »;/o; = 1, which corresponds to substantial
overlap of the sample volumes, the value of the ambiguity at w = 0 is reduced by a
factor of slightly less than two. Notice that the bandwidth, as well as the amplitude,
of the ambiguity spectrum is decreased at larger sample-volume separations.
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Conversely, the effect of shadowing on the ambiguity reduction is seen in figure 10,
where the normalized magnitude of the cross-spectrum at @ = 0 is plotted for various
values of the Doppler angle. It should be noted that Doppler angles greater than 75°
are generally impractical.

4. Conclusions

A three-dimensional stochastic model of the pulsed ultrasonic Doppler velocimeter
has been represented in detail. The analysis predicts the correlation and spectral
functions of the Doppler and the detected velocity signals. Explicit results are given
for the case in which the sample-volume directivity is assumed to be a three-dimen-
sional Gaussian function.

Results indicate that the turbulent intensity can be deduced from the broadening
of the spectrum of the Doppler signal and a mathematical description of the effective
sample volume directivity.

In the measurement of one-dimensional velocity spectra at least two major compli-
cations are identified and quantified. First, the presence of a time-varying broad-band
random process (the Doppler-ambiguity process) obscures the spectrum of the random
velocity. Secondly, the spatial averaging of the velocity field in the sample volume
causes attenuation in the measured velocity spectrum. These phenomena are similar
to those encountered in laser and radar velocimetry. These effects are aggravated for
the ultrasonic instrument due to the relatively large sample volumes and wavelengths
required.

It hasbeen shown that the influence of the Doppler ambiguity process can be reduced
by the use of two electronically formed sample volumes on a single acoustic beam. The
overlap and orientation of these sample volumes are major considerations. The effects
of these parameters on the detected velocity spectrum have been quantified in terms
of the sample volume directivity.

In part 2 of the study all of the analytical results are confronted experimentally.

This research was partially funded by the National Institute of Health through
research grant number HL 07293.
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